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Abstract 

From the ADHM construction on noncommutative Rg vector space 
we investigate different (7(f) instanton soiutions tied by partial isometry 
trasformations. We recast ttiese solutions under a form of vector fields 
in noncommutative vector space which makes possible the calculus of 
their fluxes through fuzzy spheres. For this end, we establish the noncom- 
mutative analog of Gauss theorem from which we show that the flux of 
the U{1) instantons through fuzzy spheres does not depend on the radius 
of these spheres and it is invariant under partial isometry transformations. 

PACS NUMBER: ff.fO.Nx, ff.f5.Tk. 

Introduction 

Noncommutative geometry is a generalization of the usual differential geom- 
etry in the sense that the usual description of manifolds by their corresponding 
algebra of functions is reformulated by using noncommutive algebras which are 
considered as algebras on noncommutative spaces 13| ■ In physics one can 
hope that noncommutative geometry gives alternatives to solve many problems 
such as renormalization of quantum field theories where the fuzzy spheres are 
used in the regularization scheme 4 , quantization of gravity 0, superstring 
and M-theory ,6, ^T, ^ and quantum Hall effect j^l . 

In the several last years a great variety of works in field theories on noncom- 
mutative geometry have been developed. In particular the Yang-Mills gauge 
theories which are emerged from certain low energy limit of string theory |lllll2j 
or from M theory compactification 7,8. In the most part of this development 
are treated some non perturbative aspects of noncommutative gauge theories 
especially to describe noncommutative instantons and their topological charge 
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In this work we mainly treat the invariance of the one topological charge 
under partial isometry transformations of U{1) instantons on noncommutative 
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M.g and establish the analog of Gauss theorem in noncommutative M.g space from 
which we show that the flux of J7(l) instantons through fuzzy spheres does not 
depend on their radius (does not depend on the Hilbert space representations 
of different fuzzy sphere algebras). 

We begin this paper by recalling in section 1 some properties of noncommu- 
tative Wg space and review briefly in section 2 the ADHM (Atiyah-Drinfeld- 
Hitchin-Manin) construction of instantons on this noncommutative space |22l 
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In the third section, explicit solutions deduced from partial isometrics are 
investigated. We show that these partial isometrics acts as noncommutative 
U{1) gauge transformations leaving invariant the instanton number. 

In section 4 we recast the [/(l)-one-instantons in terms of operator algebra 
over Kg. This will leads us to view the strength field of the C/(l) instanton as 
a vector field in Kg. Finally we establish in the last section a noncommuta- 
tive analog to the Gauss theorem to calculate the flux of the C/(l) instanton 
fields through fuzzy spheres then we show its invariance under partial isomerty 
transformations. 



1 Noncommutative 



In this section we consider M.g noncommutative space which can be described 
by the complex coordinates 

satisfying the commutation relations : 



-2Sa,,(30, [2„,%]=0 ,(a,/?=l,2) 



The Hilbert space representation ?i, on which the operators 
spanned by the basis 



fiOT av^Z! 10,0), 10.0) = 



'nil 



/n2\ 



where the states |rii,n2) are orthonormalized 

(ni, n2 |mi, m2) = (5„imi^n2m2- 

2q and Zq, act on theses states as: 



(1) 



Zi|ni,n2> = \/2e {ni + 1) |rti + 1,712) , Z2 |"-i,"-2) = \/20{n2 + 1) \ni,n2 + 1) , 
zi\ni,n2) = \/29ni\ni - l,n2) , Z2 ^2) = \/29n2 n2 - 1) . 
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The operator algebra over Rg , denoted by Ag, can also be described by the 
algebra of c-number functions f{z,'z) endowed with the normal ordering star 
product [53] 



/(z, z) * g{z, z) = e^*'i^ o.' f{z, z)g{z', z')| 



Z —Z.Z —z • 



(2) 



The correspondence between the operators and the c-number functions is given 
by: ^ ^ _ _ - ^ _ 

■■ f(ZaZa) :< > .f{Za,Za) = {z \- /(^a,Za) :| z) , (3) 

where 



exp 



exp 



46* 
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|0,0) 



is the coherent state satisfying Za\z) = z^ \ z) and {z \ z) 



1. 



The derivatives da 



and da — 



ciiiu. — g=— satisfy Leibnitz rules with respect to 
this star product In the operator description, these derivatives are defined 



as 



(4) 



For the integration, the correspondence between the operator description 
and the c-number function is given by 

d\f ^ {2TTefTrn{I) (5) 
where the trace of the operator is over the Hilbert space representation Ti. 



2 Instantons and ADHM construction 

Instantons are localized finite-action non-perturbative solutions for the Euclid- 
ian equations of motion of Yang-Mills gauge theories. In this section we will 
recall the basic algoritm of ADHM construction 13 to get instanton solutions 
in noncommutative spaccRg which are just deformed versions of the commuta- 
tive one [22 ESI 1231 . 

The different steps of the ADHM construction for U{N) fc-instantons can be 
summarized as follows 



1. Solve the deformed ADHM equations 



3-2, B. 



iP - jlj = mdk- 



Bi,B2]+IJ = 0. 

where Bi, S2 G End (C'^) , / G Horn (C^, C*^) and J G Horn (C'^, C^) 
2. Define Dirac operator V,:{C'' ® C*^ ® C^) (gi Aj — > {C" C'^) (gi A^ 



B2 -Z2 Bi-zi I 



-{Bl-zi) Bl 



Z2 



(6) 
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3. Look for all the N orthonormalized solutions : — > {C^ ® C'^ ® C^)® 
Ag (the zero-modes) to the equation 

p^*" = 0, ^'"■t'^^ = 

4. Construct the U{N) gauge field 

A = ^U^. 

The field strength of the gauge field A is given by F — dA + A^ and the 
topological number is defined by 

where the trace is taken both on the group indices (for the general case 
of the U [N) gauge group) and on the Hilbert space TL. The formula Q) is 
the noncommutative version of the second Chcrn character defined by: 

where F^'' ^F^" = igA"'P<T^PT ^j^^ ^^^^1 of the strength field. 

3 [/(l)-one-Instanton and partial isometries 

We will now concentrate on the partial isometry transformations of the known 
example of C/(l)-one-instanton solution on ^^(see^J). For the [/(l)-one- 
instanton solutions onW^ , k = N — 1, thus the matrices Si, 2, 1 1 J become com- 
plex numbers. Inserting this in the ADHM equations we obtain 11^ — ,P J = AO 
and IJ = 0, we take / = 2^/9, J = O.The parameters -61,2 are interpreted as 
the position of the instanton. Due to the translational invariance of Rg we can 
consider the case where the instanton is localized at the origin i.e. _Bi.2 = 0. In 
this case the Dirac operator reads 

- ( -| -| ) ■ (8) 

Finely we look for the solution of the Dirac equation 

V,^ = (9) 

whose solution is given by : 

/ 2V^t2 \ ^ 
V'o - 2V0ii , (10) 
V zi / Jzz{zz + Ae) 
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where : 



zizi +Z2^2- We can see that this solution is not normahzed as said 



in the ADHM data, because of the operator 



which indefinite on the 



vacuum state |0, 0). However this solution is well normalized in the subspace 
where the state |0, 0) is projected out. The subspace Ti.— {|0, 0)} will be denoted 
by HoQ. 

The gauge field is directly calculated in Tigo by 



^00 = "00 



1 

W 



(11) 



By using the relations Za/ ~ / (•^•^ ~ Zaf — I (yZz + 20^ Za 

and the solution l(TU|l we may compute explicitly ifTT)) to get: 



An 



1^^^ zz{zz + Q9) 



l)Zr,dz° 



h.c. 



2e^\zz + 2e){zz + 4:9)' 
leading to a strength field Fqo — rf^oo + ^oo • ^oo of the form 



(12) 



00 



zz{zz + 20)(zz + 4:e) 
A0{zizi - Z2Z2) 



{ziZ2)dzidz2 — {Z1Z2) 

dzidzi 



zz{zz + 29){zz + 4e) 
A9{zizi - Z2Z2) 



dz2dzi 
dz2dz2 (13) 



zz{zz + 20){zz + Ae) ^ ^ ' zz{zz + 2e){zz + W) 
which exhibits the anti-self duality conditions : 

-foOzi^i ~ ~-f00z2Z2J F0OZ1Z2 — 0- 

The topological charge of the U{1) instanton expressed like in relation ^ by 
using 



(i^oo)' = 



to get [TD 



16 I Fnoz^-^Ff 
(1661) 



0021-1^00Z2~2 

2 



2 (^00212 



-2-^OOZ2~l + ^00z2~l^00zi- 



^01 



zz{zz + 20){zz + Ae) 



(14) 



-Tr 



(160)' 



E 



zl{z^+2e){z^ + A0) I J^(ni+n2)(ni+n2 + l)2(ni+n2 + 2) 







4E 



n{n + l)(n-|- 2) 



where we denote the ordered couple (ni, 712) by ~n and the sum ni + rt2 by n. 

The investigation of the transformed solution by partial isomery is deduced 
from the fact that the solution 
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zz 

of © belong to a right module. Then we may also consider others solutions 



of the form -0 = '0o(^i)^(^2)'^ (-f^^ > 0, L > 0). The normalization of these 



solutions gives 



i, = ^^U=\ (i2^i=^ (15) 

^^zz{zz^^B) \ yzizi) \ yjz 



zz 



Z2Z2 , 



where U is given by 

\ V zizi / \ \J Z2Z2 ) 
One can check that (|15(l can be rewritten as 

V' = V^o^ft2A^(z,i)-^ (17) 

where 



iV(z,i) = {zI-2e{K+L)){'z2-2e{K+L-2)) IV (ziii-26'(fc-l)) H (£2i2-26l(Z-l)). 

fc— 1 /—I 

We will restrict ourselves, for the same reason explained above, on the Hilbert 
subspace states H-kl on which the solution is well defined and well normalized 
i.e., the eigenstates of A^(z, z) whose the eigenvalues do not vanish. These 
nonsingular states are \n1n2) such that ni ^ if, ^2 ^ L, and (711,712) 7^ {K,L). 
This basis span the subspace TixL = PklH where the projector Pkl reads 

K L K 00 

Pkl = 1 - ^ ^ |7ii,7i2) (rii,n2| - ^ ^ |?ii, 712) (rii, 712! 

ni— 0n2— ni— On2— L+1 

00 L 

- X! X! I"l>"2) (711,712! . 
ni=K+ln2=0 

Before we study this solution, we investigate some properties of U transfor- 
mations which we will see below that they act like noncommutative U{1) gauge 
transformations. They are not unitary but satisfy the properties of partial 
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isometries . 

UU^ = idn. U^U^Pkl. (18) 
PklU^ = U\ UPkl^U. 

In TLkl^ the relations (fTH|l read 

UU^ = U^U = idnKr.- (19) 
Under [/, the gauge field transforms in this subspace as 

Akl = i>U^^Umd{-^Q)U + Um^odU 

= [/UooC/ + C/^rft7 (20) 

where we have used the fact that in TLkl we have JJ^JV-o ^ ■ We can see 
from the relation (|20|l that U acts (from Tioo to TLkl) like noncommutative 
C/(l)-gauge transformations act on the gauge fields. 

Now the strength field in TLkl is defined as usual by: 

Fkl = dAKL + AklAkl- (21) 

Using (HI, dU^U = -UUU and dUU^ = -UdU^ in TLkl, we get 

Fkl = U^FooU (22) 

which is the gauge transform of the strength field Fqq (in TLqq) in the subspace 
TLkl- The instanton number must be unchanged by the ^/-transformations, this 
is what we will see in the calculus of 

^ = 16^ (2"^)' ^""-^ (^^0 ' = (2^^)' (^°") ' ^) • 

(23) 



In fact, by using we get 



(1661) 



(Fkl) = uUFqo) U = -U^ ^""^ ^ [/ 

V / V "V Sz(2z + 20)2(2z + 40) 



[K + L)){zz - 29 {K + L - l)Y(zz - 29 {K + L - 2)) 



^The transformation [7 correspond to a multiplication by a phase factor in the classical limit 
{d ► 0). In this limit Zi,'Zi become usual complexe coordinates, then if we put Zi = rie"^' 



J 



(polar coordinates ) it is obvious to have (^Zi—^=^j = (e"''») , thus the transformation 

take the usual form U = e'*, where "3> = Kip^ + L(p2- 
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Inserting (|24|l in (|23|l . we obtain 

1 



^ = 4 E 



(n - (i^ + L)){n -{K + L- - (K + L - 2)) 

ni>K 
n2>L 

= 4 y = 1 

which shows the invariance of the instanton number partial isometries. 



4 Reduction to the vector space 

In this section we will calculate the flux of the C/(l)-one instanton strength field 
through the fuzzy sphere. This investigation is justified by the fact that the 
U{1) instanton components ^V6\ can be written in terms of the vector space 

coordinates X 3jS Oil three vector F whose components are defined in Tigo as: 

-0x^ 



with 3p = ■^zz. The coordinates on Rg are defined from those on Mg by (Hopf 
fibration) 

^'^lz^<i3%, «-l,2,3; a,/3=l,2 (26) 

where are the three Pauli matrices. The coordinates generate a subalgebra 
Al C Ag satisfying the commutation rules 

[x',x^] =i20e'^''x'', [x°,x']=0 (27) 



and the relation 

261) 



x'-x'^^ix'^ 



where the repeated indices are summed over. It is convenient to use, for the Ag 
algebra the Schwinger basis of the Hilbert space 

|o,o) 

V(J + ™)! V(J-m)! 
where J = 0, ^, 1, ...oo and m runs by integer steps over the range — J < m < J. 
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The algebra Ag can also be described by the algebra of c-number function 
f{x) of = ^ZaT^^plp and x'' ■ x'^ — (a;°)^ endowed with the star product jTI] 

fix) * g{x) = e'^^ ^^^f{x)g{y)\y^^.^ . (28) 

deduced from the star product of Ag by restriction. 

In terms of elements of the algebra A^ we can decompose the strength field 
components (1^ as 



" * (xo + e) * (2x0 + 29) * * ^"'"^ 

1 1 

= "i^^,J(J+l) (2J+l)'^^*^-^(''°^ 

2 

^ OO ^ OO 



0^ 



where we have used a;° * Pj (x") = 29JPj (x") to define (x°) ^ * Pj (x' 

^ijPj (x°) for J 7^ and x' * Pj {x°) = a;*Pj_ i (x") . Pj {x°) = ^^jy e'"^ 
is the projector on the Fuzzy sphere of radius J corresponding to the operator 

projector Pj = ^ \J,m) {J,m\. 

m— — J 

Each term of the sum P} = 7(7+T)(2j+T) * (^") = 7(j+T)(2J+T) ^^J 
corresponds to the strength field defined on the fuzzy sphere algebra of radius 
J, = Pj *Al* Pj C Al C A^ generated by x'j = Pj * x' * Pj = xU Pj. 

The corresponding operator subalgebra Sg j generated by Xj — Pjx^Pj = 

x^Pj satisfy the commutation relation rules on the fuzzy sphere 



X J , X J 



and 

x'j ■ x'j = x°j {x°j + 29) = A9^J{J + l)Pj 

The subalgebra Sg j is realized in the Hilbert subspace Hj C H spanned by 
the basis \J,m), — J < m < J. 



5 Flux through the Fuzzy sphere 

The form (P « , „,a ) of the strength field 12511 permits us to view it as the 
noncommutative analog of the classical Dirac magnetic monopole field (or by 
duality as the static coulombian electric field). So it is interesting to calculate 
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the flux of this noncommutative vector field through a fuzzy sphere. To perform 
the calculus of the flux of the vector fields through fuzzy spheres, we generalize 
the technics of the Gauss theorem to the noncommutative space by using the 
integration measures on Rg and on the fuzzy sphere investigated in |21| . 

For this end we start with the derivatives with respect to Za and Zq, of a scalar 
field 1^9(2;) € A'^ giving components daf{x), da^p{x) € of a quadri- vector 
given as 

da^P {x) = da (2^*) diLp {x) = ^^TapZpdiLp [x) , dg^V {x) = (x*) diif (x) = pT^-p^dilfi {x) 

(30) 

where di = These relations are similar to the transformations of the co- 
variant components of a quadri- vector under a coordinate transformations. In 
our case the transformation z^, Zq — > x^ — ^ZaT^^^zp is a surjection from Mg 
to M.g which is not invertible. In what follows, we only consider quadri-vectors 
V of components Va, Va ^ ^|verifying the same transformations like in 130|l 

Va{z,z) ^^T'^pZf^Viix), Va(z,z) = iz/3r;5„V-(x). (31) 

where (x) e are the components of a three vector V (x) of Rg. The 
quadri-divergence of (|31|) is given in terms of three-divergence of V (x) as 

5aK + daVa = x'^d.V, e Al (32) 
where we have used Tr {t) — and the relation jZaT^pT-'^pZ/^ — ^{x^S^^ + 
jgZjfe2;'=).The integration of the above divergence over Rg reduces to the integra- 
tion over Rg. In fact for a coordinate system of the form 

zi=Rcos-e 2 Z2=itsm-e 2 

2 2 

the measure on R^ reads 

dzidzidz2dz2 = ( j sin9d9d(fd^p — x^dx^d^dip 

where ^ ^ ^ x^ . Since the elements of A'l C do not depend on the angle 
•0, their integration over Rg factorize into an integration over R^ as J x^ dx^ dVl.A'^ 
times an integration along the angle J d^ ~ n. Then the measure over the 
Rg is given by d'^xe = x^dx^dQ, which differs from the usual d^x by factors of 
The integration of (|32|l in Rg is given by 

dzidzidz2dz2 



{daVa+daVo:) = / d^'xex'^d^V^ = / d'xd.V,. (33) 



TT 

This relation suggests that for the integration over R^, the correspondence 
between the operator description and the c-number functions is given by 

\2 



d^x (27r9y \ 
—fix) < > Tr-H [fix) 1 

X^' TT \ / 
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where f{x) S and f{x) e A^. Now if we take = F^, the divergence^ diF^ 
reads 



46/2 ^ 



"^^^ 1^(J)(2J+1) (J + 1)(2J+1)^ 



Its integration over a volume in M.g bounded by two fuzzy spheres of radii J2 > Ji 
respectively ( Ji 7^ 0) reads 



7 tl 40' y l(^)(2^+l) (J+1)(2J 



J=Ji J=,/i 




The contribution of the first term for J + ^ automatically cancel those of the 
second term of J to leave the contributions at the boundaries as 




where we have used / d^xPj {x°) = ATr9^{2J + 2) (2J+ 1) .The formula jSU 

shows clearly that the contributions to the divergence of the vector field F to 
the integral come from the boundaries only i.e. the two fuzzy spheres of radii 
Ji and J2- This suggests that each of the two terms in represent the flux 
(of magnitude —AnO ) through the fuzzy sphere Ji_2 independently from the 
radii Ji. The opposite signs represent the directions of the fluxes; entering or 
outgoing flux in the volume bounded by the two spheres of radii Ji,2- The fact 
that the result of the integral is zero shows the absence of a charge between the 
spheres of radii Ji,2 7^ which express the absence of singularities of F in this 
integration volume. In what follows we will see that the singularity of the U{1) 

instanton field F at the origin is in fact due to a charge. 

Each term in (|34|l can be represented by a flux of Fj through a fuzzy sphere 
of radius J as 

Ajr r 9 ^Pj ^ (x") Att f 2x^Pj 1 (x°) 



4^2_yl^y— j{2j+\) Ae^ J "'^ J(2J+l) 



4- ^"d." ' 



AO J AO J(J+1)(2J+1 

4 / ^(x^*F} + F}*xO = -47r^? 



26*7 X' 

where we have used x°Pj_i (x") = 2J6Pj (a;°) , x^ * x"^ * Pj {iP) = * 

(x° + 261) * Pj {x°) ^ A9^J (J + 1) Pj {x°) and / x°dx°Pj (x") = 9^ (2 J + 1) . 
The third term of the right hand side of H35|l represents the analog of the classical 

Since the derivative di is not a proper derivative with respect to the star-prduct mil , we 
perform the calculus of the star-products then use the derivatives di on the result which is a 
c- number function of x*. 
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flux of Fj through the fuzzy sphere of radius J. In what follows we will establish 
the noncommutative analog of the Gauss theorem for any vector V (x) G Ag to 
justify the form of the third term of the right hand side of (|35|l . For this end we 
calculate the flux in the operator formalism. In terms of operators, the integra- 
tion (123 over a volume bounded by a fuzzy sphere of radius J is represented 
by a trace over the Hilbert space representation Ho © ■■•© Hj as 

* = ^ X! X! ^^'"^'2^ ~2e '-^'"^^ ^^^^ 

j=Oin=-j 

J 

= 27r0 {J,m\%Va + VaZa\J,m) (37) 

m— — J 

here the same mechanism of cancellation occurs for j < J to leave only the 
contribution of the boundary term which is a trace over Ti.j . 

'ZaVa + V'qZq, can now be translated in terms of c-number function as: 

Za*Va,+ Va,*Z„^ Z„\4f + (29) —Vo, + l^^a + (29) —V^. (38) 

OZa OZa 

By using (|31|) and H32|) we can rewrite (|38(l in terms of star-product in as 

x% + Vix' + x°d,V, ^ x' *V, + V,*x' 

which corresponds in terms of operators to x^Vi + ViX^ G A^. Then the right 
hand side of l|S7|l can be rewritten as 

J 

^ = 27:9 (J, m\ x'V^ + V,x' | J, m) = 2Tr9Trn,j (S'V» + Vix'^ (39) 

711 — ~ J 

= 27T9Trn[x:jV/ + V/x'j) (40) 

which is the flux of the vector field V through the fuzzy sphere of radius J. 
Xj = Pjx'jPj and V/ — PjV/ Pj belong to the fuzzy sphere subalgebra 
SIj ^ PjAlPj c Al c Aj. 

Note that we can use the correspondence © to translate (|31|l in terms of 
operators as 

(z, = V^ (x) ^rlfjzp, Va {z,z^ = ^zpr'f^^Vi {x) 

Then from (|37|l . we get directly H4Q(I by using the commutation relations of the 
coordinates Zq and Za, Tr (t) = and (|26|) . 

By combining H33() with 140|l translated in term of integral oi x^j*Vi^ *x'j 
over a fuzzy sphere of radius J, we can establish the noncommutative analog of 

y oo ^ oo ^ 

Gauss theorem for any vector field V = J2 Pj * ^ * Pj = J2 ^ 

,7=0 ,7=0 
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Jl 



1 r (p 



.7=0 



where the left hand side is the integral of the divergence of V over a volume 
in Kg bounded by a fuzzy sphere of radius Ji and the right hand side is a surface 
term which is the integral over the fuzzy sphere of radius Ji which express the 
flux of the vector field V G Ag through this sphere. 

Applying the above formalism to the case of our strength field F^, we get 
from H4U|) the flux through the fuzzy sphere as 



2TT6Trnj (x'F' + F'x*) = 2TT9Trn 




$ = 



= 4TT9Trn, ( —, — '^'^'l^ ^' — r ) = -47r6l > ' - — - — - = -47r6'. 

This result shows that the Flux <i> is independent from the choice of the 
representation J i.e. it is independent from the choice of the sphere radius 

$ = — 47r0 VJ the radius of the fuzzy sphere. (41) 

This is similar to the classical Gauss theorem which states that the total charge 
calculated by the flux of a coulombian or Dirac monopole field through a closed 
surface is independent from the shape of this closed surface. 

Thus (|41(l is the noncommutative analog of the Gauss theorem on the non- 
commutative space Kg 

This result shows also that the quantity <i> represents a source of the field F 
which we can be interpreted as a magnetic charge, Thus the [/(l)-one-instanton 
on Kg gives rise to a magnetic charge at the origin of the noncommutative space 

103 



5.1 TiA'L-Instanton solution Flux through the fuzzy sphere 
and gauge invariance 

In this section we try to see in what sense the magnetic flux is invariant under 
partial isometries. First we rewrite the transformation U in the Schwinger basis 
as 

oo J oo J-P+Q 

J=am=-J .J=Pm=-{J-P)+Q 

(42) 

where P — ^ [K + L) , Q — ^ [K — L). Then the components of the trans- 
formed field is given by 
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where 

xl = U'^x'U. and x° = t/^J"C/. (44) 

These new coordinates a;*^ satisfy the same commutation relations as the old 
ones 

and 

xixl,^xlixl + 2e) 

Note that in this case the formahsm is expressed in the subalgebra Ag ^ = 

WAgll C Ag C Ag. Thc formula l|44|l is similar to the transformations of 
the angular momentum in quantum mechanics'^. These transformations are 
concretely given by 

oo J-P+Q 

= E E 2e{m~Q)\J,m){J,m\, 

J=Pm=-(J-P)+Q 
oo J-P+Q 

xt = Yl E 26lv/( J -P){J -P+l)-{m-Q){m-Q+\)\J,m + l){J,m\, 

J=Pm=-(.I-P)+Q 
oo J-P+Q 

^« = E E 20v/( J - P) ( J - P + 1) - (m - Q) (m - Q - 1) I J, m - 1) (J, m\ , 

J=Pm=-(J-P)+Q 
oo J-P+Q 

^° = E E 2e{J^P)\J,m){J,m\. 

J=Pm=-(J-P)+Q 

As in the above section, we can use the projector on the fuzzy sphere Pj 
,with J = J + P, to define the map (surjection): Hj — > H ji 

J-P+Q 

Uj^UPj= \J-P,m^Q){J,m\ 

m=-(J-P)+Q 

satisfying 

J-P+Q 

UjUj^ Y \J,m){J,m\ 

m=-(J-P)+Q 

which is a projector on a part of states of the fuzzy sphere of radius J and 

•^The difference between the quantum mechanical gauge transformation and the isometry 
we discuss in our present paper is that unitary gauge transformations in quantum mechanics 
just rotate the states | Jm), whereas in our case the isometry (which is a gauge transformation) 
generate a shift of J then a rotation of the same basis vectors | Jm) . 
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j-P+Q 

UjUl= J2 \j-P,m-Q){j-P,m-Q\.^Pf 

m=-U-P)+Q 

is a projector on the fuzzy sphere of radius J . Under Uj, The coordinates 
transform as 

xIj = Ulx'Uj = PjKPj- 
They satisfy the commutation rules on the fuzzy sphere 



= t29e^^''xlj, [xIj,K,j]=0- 



and 



where xP , = uXxPUj. 



The transformed coordinates generate the subalgebra S*^ j which is an al- 
gebra describing a truncated fuzzy sphere realized in the Hilbert subspace 
Hti,j C Tij spanned by the basis \ J,m — Q) with J = J +P and — J < m < J . 
In this truncated space Ti.u,j the coordinates x^^ j act as 

xl,j\J.m) = 20(m-Q)|J,m), 

K,j\J^rn) = 2e^/{J - F) ( J - P + 1) - (m - Q) (m - + 1) I J, m + 1) , 
^^.jl'^."^) ^ 20V(>/ - P) (J - P + 1) - (m - Q) (m - - 1) | J, m - 1) 

which show that the highest state is \ J, J — P + Q) (a; j„ \ J,J — P + Q) —Q) 
and the lower state is | J, - ( J - P) + Q) (xj^ - P) + Q) =0). 

Now this formalism is expressed in the subalgebra S^^ j <Z A^g ^ <Z <Z A% 
The calculus of the flux is now given by a trace over TLu,3- 

/ \ 26x^ X* 



-2(2^^) . . . 

(2J-2P+1) 2- ^ =^ -^"^ 



Thus we obtain the same result as in (|41|l and also in this gauge the flux of 
the transformed strength field is independent from the choice of the radius i.e. 
independent from the Hilbert space representation Tiu^j 

$ = -47r6' V J > P the radius of the fuzzy sphere, V ivT, i > 

or P — 0, -, 1, ...oo and Q runs by integer step over — P < Q < P. 
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Discussion and conclusion 

In this paper we have investigated /7(l)-one-instanton solutions with the 
intension of studying the relation between the instanton number and partial 
isometries. This allows us to see that the partial isometry transformations 
which act like U{1) gauge transformations leave invariant the instanton number 

The second result, obtained in this paper, is that the description of the U{1)- 
one-instanton solution in terms of Ag algebra, gives rise to an object behaving 
like Dirac magnetic monopole field. Its flux through the fuzzy spheres is inde- 
pendent from the choice of the radius of these ones. This fact can be seen as 
the noncommutative analog of the Gauss theorem for the coulombian forces in 
the classical case. Furthermore we have seen that the flux is invariant under the 
partial isometry transformations of the U{1) instanton field, provided that the 
coordinates on transform as a?^ = U^x^U. This transformation preserve the 
commutation rules of the coordinates algebra on Mg, and confirm the mixture 
between gauge theory and geometrical transformations acting on the base space, 
which, in our case, rotate the fuzzy sphere and shifts the radius. 

Finally we hope to comment the fact that the flux $ can be related to the 
quantization of the magnetic charge; This can be done by remarking that the 
action of the Rg coordinates is the same as the quantum mechanical angular 
momentum. Thus we have in one part : 

\J,m) = mh I J, to) 
J± |J,m) = h^J ( J + 1) - TO (to ± 1) I J, TO ± 1) 

and in the other part : 

I J, to) = to (261) |J,m) 
I J, to) = (26*) ^/J{J +l)-m{m±l) | J, m ± 1) 

So we can identify h with {26), then the flux will be given by $ = —2nH, which 
correspond to a monopole magnetic charge —1. 

As further directions one can generalize the statements above on noncommu- 
tative multi-C/(l)-instanton solutions on Rg by searching for general solutions 
to calculate their flux through fuzzy spheres to hope to find higher monopole 
charges. 
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